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In this paper we propose a measure of technological progress of a region or nation based on the information embedded in its standard input-output tables by computing the wage-profit curves, and the wage-profit frontier. Our aim is to measure the technical e ciency of the economic system, but we depart from the conventional practice of estimating a surrogate physical aggregate production function. Instead, we resort to computing the wageprofit frontier 1 . We do not aggregate quantities that have conceptually di↵erent physical units. We do not follow methods that require the computation of an aggregate production function as proposed by Farrell (1957) . He proposed a way to measure productive e ciency by assuming the existence of a universally optimal (or e cient) production function, whose isoquants are consistent with neoclassical postulates (as defined, for example, in Shephard (1970, p.14) or Sato (1974) . As noted by Afriat (2003, pp.119-20 ), Farrell's approach and the more recent Data Envelopment Analysis (Charnes et al., 1978) ) are substantially the same. While the Data Envelopment Analysis does not rely on a specific functional form, it assumes that the underlying production function is neoclassical, by imposing convexity (Petersen, 1990; Bogetoft, 1996; Bogetoft et al., 2000) . Recent studies trying to assess technological progress and/or productivity growth rely on versions of Data Envelopment Analysis, which use simple aggregate, neoclassical production function of the type Y = F (K, L, A), for example, Kumar and Russell (2002) , O'Mahony and Timmer (2009) and Fried et al. (2008) . , instead we generate theoretically robust measures based on industry specific production prices. By comparing the production prices associated with country specific input-output tables, we are able to identify an e cient set of discrete methods of production. This e cient set of methods is what we use for the construction of indexes to assess systemic and sectoral technical e ciency and technological progress 2 . In Section 1, we review the notion of a wage-profit curve and derive the production prices associated to national input-output tables. In Section 2 we define the wage-profit frontier as the outer envelope computed from all the possible wage-profit curves. While mathematical notion of an envelope is conceptually straightforward, the brute force algorithm associated with the computation of such an envelope that takes in to account every single point is computationally infeasible. This is explained in Appendix A.1. We construct an e cient algorithm (named here the FVZ-algorithm), which exploits a result by Bruno et al. (1966) and Bharadwaj (1970) enabling us to compute a global and empirically based wage-profit frontier for the first time, to the best of our knowledge. This algorithm is described in Appendix A.2. FVZalgorithm allows the computation of properly tailored wage-profit frontiers and the associated industry level production prices. We apply this algorithm to the newly available input-output data for di↵erent countries and the description of this database is given in Section 3. The wage-profit curves and frontiers thus constructed and the associated production prices are used to compute several indexes of economic performance (Section 4).
Subsequently, three new indexes of technological progress are presented. The first of the three, the wage-profit curve ratio (WPC ratio ), measures the di↵erence between the global intertemporal wage-profit frontier with respect to national wage-profit frontiers, Section 5. The second index is a measure of sectoral technological progress based on the relative contributions at each sectoral level to the set of methods that define the wage-profit frontier, Section 6. The third, the technological progress index or T P-index, is based on the advanced methods of production that belong to the global intertemporal wage-profit frontier, see below, Section 7. It measures aggregate national technological progress based on the relative contributions at each sectoral level to the set of methods that define the best technology frontier. In Section 8 the results of the computations are discussed. Section 9 presents some concluding remarks.
Production Methods, Wage-Profit Curves and Production Prices
We base our analysis on the information embedded in input-output tables, from which we derive the methods of production. We start with a multipleinput, multiple output framework where di↵erent production methods (activities) are available for producing a single output. A method is a combination of (multiple) inputs that go into producing di↵erent outputs and each specific combination constitutes a di↵erent method. From the input-output tables, we observe that b i units of commodity i can be produced with s i di↵erent commodity j in producing a good i using a method z i . s i is the number of available methods for producing the good i and n is the number of goods.
The set of methods for producing good i can be represented in matrix notation as:
(1 : s i , 1 : (n + 2), i) = 
The cardinality of the above set of methods can be very large and subsets of the above methods can exhibit, in principle, a great variety of mathematical properties. For example, some subsets of methods can be such that they satisfy the standard neoclassical properties and some may not. The set of all the available methods is given by the following set of activities = { (:, :, 1) [ (:, :, 2) . . . , (:, :, n)} 4 . Hence, a n-commodity output vector can be generated by using one combination of the methods, which belongs to set . There are a total s = Q n i=1 s i of these combinations. Given one of these combinations, z = [z 1 , z 2 , . . . , z n ] 0 , we have one production possibility. The set representing the means of production (other than labour) is given by the following matrix:
. . .
(z n , 1 : n, n) 
3 The notation is here slightly di↵erent from standard mathematical notation. This is a notation familiar to the users of Matlab for multiple dimension arrays. The numbers inside parenthesis identify the dimension, i.e. rows, columns, 3 r d-dimension, 4 t h-dimension and so on. The symbol : stands for all the numbers in that dimension, and 1 : s means from 1 to s and so on. (z i , :, i) identifies an entry for the multiple dimension array , where z i identifies the row, : means for all columns and i the third dimension.
4 Alternatively, one can view as a multi-dimensional array, whose maximum number of rows is given by max{s 1 , s 2 , . . . , s i , . . . , s n }, the number of columns is n + 2 (the n inputs, labour and output) and the number of matrices are equal to the number of goods. Each matrix (:, :, i) contains information about all the possible discrete methods.
4
The labour requirement is given by the following vector:
L z = (z, n + 1, 1 : n) = 2 6 6 6 4 (z 1 , n + 1, 1) (z 2 , n + 1, 2)
The notation can be simplified: z may be taken to represent any production system composed of the triple (diag(
where (x) is the intensity of utilization of the methods (activity levels) and diag(x) is the diagonal matrix of vector x. The system is defined as being 'productive for all cases in which x is such that x 0 (B z A z ) 0. It should be noted that the activity level x that would allow for the system to be productive need not always exist. In that case the particular combination z is not viable (Chiodi, 1998) .
Given a system of methods, z, and an endowment of the primary factors of production, which here is labour e 0 L z (where e is the summation vector), we define the n-dimensional production possibility frontier as:
Once a combination of methods z has been chosen, we have the problem of evaluating and comparing it with respect to another combination. Any intricate productive system can be examined from the point of view of (a) the quantities that are used as factors of production or (b) the values or prices that are necessary for that productive system to reproduce itself. Note that the prices used for the derivation of indexes are not market prices.
Instead, these are computed analytical prices that are based on the actual observed quantities. These prices can be interpreted in many di↵erent ways. For instance, they can be seen as Adam Smith's natural prices or RicardoMarx-Sra↵a's production prices, Seton's eigenprices, long term competitive equilibrium prices; Walrasian market clearing prices, shadow prices and so on. Here we will chose to evaluate the collection of methods in terms of production prices (as defined, for example, in Sra↵a (1960) or Leontief (1985) ).
Given a chosen system, z, and a uniform rate of profits r 5 and the activity level x, the production prices that would assure the system to remain productive for future periods are precisely those which allow the following accounting relation to hold:
For a given rate of profits r and a uniform wage rate w, there exists a price vector p that would allow the system to remain productive for the subsequent periods as well:
An important result in this context is that for a given combination of methods z (i.e., any triple diag(x)B z , diag(x)A z , diag(x)L z ) the re-proportion matrix diag(x) does not influence the determination of the price vector p. This is known in the literature as the Non-Substitution Theorem 6 . This implies that the prices are determined as a function of the set of methods and they do not depend on the intensity. Consequently, we have that equation 8 may be simplified into:
We then choose a numéraire, a vector composed of di↵erent proportion of the n produced goods forming the input-output tables,
we are now in a position to define the wage-profit curve. By substituting 9 into 10 we obtain the wage-profit curve associated with the set of methods z:
where r 2 [0, R z ] and R z is the maximum rate of profit of system z. This is the wage-profit curve associated with system z, for the case where the profit rates are uniform for all industries. Substituting 11 into 9 we obtain the price vector
The price vector p z (R, ⌘) is a function of the particular set of methods z and of the profit rates r 11 , r 22 , . . . , r nn . These are auxiliary. That is, prices that would allow for the accounting balance between buyers and sellers of the factors of productions such that the same production activity could take place during next cycle.
The Wage Profit Frontier and Technological Progress
We attempt to measure technological progress by comparing the prices associated with the employment of old and new methods. The system is said to exhibit a technological improvement when the auxiliary price is lower than the previous price or, when, for given profit rates r, the associated wage rate, w z , is higher than earlier.
Although the wage-profit curve, eq. 11, is a well known relation, in the past its empirical importance may have been underestimated. For each combination of methods z, there is a corresponding wage-profit curve. The outer envelope of all possible wage-profit curves is the wage-profit frontier. For a given subset of combination of methods E = z 1 , z 2 , . . . , z m of , it is defined as
The domain of w WPF E (r, ⌘) is composed of v intervals. The junction between the di↵erent intervals are called switch points -points where the dominance of one wage-profit curve is replaced by another one.
Several characteristics of the wage-profit curves and the wage-profit frontier are useful for analyzing the performance of economic regions and to construct relevant indexes.
1. The wage-profit curves and frontiers are scale independent. This result follows from the non-substitution theorem. Hence, two di↵erent productive systems, say, those associated with a small and a big country, can be compared using this framework.
2. The wage-profit curves, 11 are associated with the quantities that could actually be produced using a given combinations of methods, z and by employing total labour e 0 L z . This produced vector of goods is a point in the production possibility frontier (eq. 6). Clearly, for a given set of profit rates, if wz > w z , it means that the wz has a higher purchasing power with respect to w z for the associated auxiliary prices. Hence we can claim that the production associated with the highest wage profit curve is desirable or more e cient. This is important because it allows the comparison and choice of di↵erent bundles of produced goods. This is particularly relevant when we consider that the values of di↵erent wage profit curves and production prices are all computed in terms of a common "physical" numéraire. Hence, comparing the n-dimensional production possibility frontiers, ⌦z and ⌦ z becomes straightforward: the most e cient system would be the one that has the highest wageprofit frontier.
3. Consider two wage-profit curves, w za (r, ⌘) and w z b (r, ⌘) where the set of methods di↵er only for the production of the k th product so that > max{w za , w z b }. This is important in order to compare two or more wage-profit curves and for deriving the wage-profit frontier because it excludes all possible linear combinations as they will not be e cient (Mas-Colell et al., 1995, pp.159-60) .
4. Comparison between two wage-profit curves is independent of the cardinality of their productive systems. Two systems having di↵erent cardinality, say n and m, can still be compared as long as they have the same numéraire. The only requirement is that the numéraire is a transformation based on the subset of commodities, which are common to both systems.
5. Clearly, not all wage-profit curves associated with E contribute to the formation of the wage-profit frontier, w WPF E . The subset of methods of E that enter the frontier represent the most productive system of methods. For the measurement of productivity and technological progress we will make use of the information about w WPF E , associated production prices and the methods that contribute to the frontier. An example of an actual wage-profit frontier is illustrated below in Figure 1. 6. Whether the wage-profit frontier, w WPF E , is consistent with the neoclassical framework will depend on the particular structure associated with the set of methods. Hence, this approach is more general and therefore we abstain from discussing whether or not the production structure is neoclassical in this paper.
3 Data and the Choice of Numéraire We use data from the World Input-Output Database (Timmer, 2012) which is publicly available and it provides detailed input-output data at the industrial level for 35 industries from 1995-2011. The data set is composed of national input-output tables of 40 countries that includes 27 EU countries and 13 other major industrial countries. These tables provide information on the inter-industry supply and use and the share of output from industries that go into production in a particular industry, along with primary factors. It also has data on final consumption expenditure of households, government and gross fixed capital formation at the industry level. This constitutes a comprehensive data set in which all inter-industry flows are properly accounted. For more details regarding the construction of Input-Output tables in WIOD database, see Dietzenbacher(2013) . The unique aspect of the SEA is that it o↵ers data at the industry level. We use this data to compute yearly and inter-temporal wage-profit frontiers. For a detailed description of the data set, see Timmer (2012) .
In this exercise, we have confined ourselves to a subset of 30 countries. In our analysis, we have reduced the total sectors or industries to 31 (the list of the sectors is reported below in the Table 3 ). The reason for doing so is the following: Since this is production oriented approach, we are considering only those industries that belong to the core of the 'production' system. Although the contribution of the 4 excluded sectors in terms of services to the whole system and their impact on the well being of the individuals may be high, their direct impact on the core of the production is negligible. In other words, their direct contribution to the production of other sectors 7 is negligible. Out of the total of 40 countries, we restrict our analysis to 30 of them there by excluding countries which are relatively small in terms of their output as well as their diversity in production (see Table 1 ). The National Input-Output tables (NIOT) have been adjusted so as to include the imports of means of production. Hence, the methods associated with each sector would be the inputs of internally produced goods plus the inputs of the imported goods. All the current period values have been appropriately adjusted using price indexes. For this, we have used the data on price series that are available in the Social and Economic Accounts (SEA) section of the WIOD database (Timmer, 2012) .
Once the above adjustments have been made, we organize the means of production, labour inputs and the gross output as in the multi-dimensional matrix . This enables us to enumerate all the possible combinations of methods of production with the vectors z and associate them to production systems formed by the triple: A z (eq. 3), L z (eq. 4), B z (eq.5). An important feature of the approach in this paper is that all the di↵erent values -wages and production prices, are measured with respect to the same physical numéraire, ⌘. The choice of such common standard is an important question and it needs to be studied with care. But for reasons of space we leave this investigation to a future exercise. In this paper we have chosen the agricultural sector as the common numéraire, which we feel is a relevant measure, given the historical debates on this topic and given the aims of our exercise. Therefore, we represent
. Once the data is appropriately arranged, we do the following:
1. We compute the country-specific wage-profit curves, w z (r, ⌘) as in eq.
11 and the associated production prices, p z (r, ⌘) as in eq. 12 for each year.
2. We apply the FVZ-algorithm to find the e cient set of methods Z
WPF

Et
(see eq. 15).
3. The yearly wage-profit frontiers (w
), the inter-temporal wage-profit frontier, w WPF (r, ⌘), and the production prices are computed.
4. We define and compute relevant indexes of performance for each country j.
5. We then compare the di↵erent indexes and provide the rankings according to country performance.
4 Empirical results: the wage-profit curves, yearly and intertemporal wage-profit frontiers. . We see that the frontier is made of contributions due to many wage-profit curves, which are relative to 63 di↵erent combinations of methods of production that stem from the set of methods observed for 2009, E W P F 2009 which are a total of 31 30 (⇡ 5.5 ⇥ 10 44 ). is the most e cient level of the production possible, given the observed sectoral methods of production, E 2009 . It is interesting to see the distance between the individual yearly wage-profit curves from the frontier. Figure 2 shows the country wage-profit curves, the yearly wage-profit frontier for 2009 and the global inter-temporal wage-profit frontier. The distance between the country wage-profit curves and the wageprofit frontier and among the wage-profit curves themselves could give us valuable information regarding the potential technological growth for these countries. The wage-profit frontier, as discussed earlier, is to be taken as a benchmark since for a given set of methods, it represents the most e cient combination. Hence, it also represents the most e cient level of production possible once the uniform rate of profit,r, is given. We now define relevant indices to capture the performance of di↵erent countries.
The WPC ratio index
The measurement of the ratio between the individual wage-profit curves and the wage-profit frontier can give quantitative information on the state of technological progress and productive capacity of a national system of innovation as a whole. When the systems are viewed as being autarkic, it is possible that some may be very advanced in certain sectors, but they may not be in a position to generate high values on the whole. On the other hand, a high wage-profit curve (or low distance to the wage-profit frontier ) has to be unambiguously associated with an e cient system with a potential to generate high values, i.e., high purchasing power. , and the inter-temporal wage-profit frontier, w WPF . The green area includes the wageprofit curves from 1995 to 2002. We propose a simple index of country performance in terms of distance to the frontier. Given a set of systems E, (derived from combinations of the available methods, ), the WPC ratio index provides a measure of the distance of the individual wage profit curves (or frontiers) with respect to the frontier which we use as benchmark. For the jth country, at time t, the WPC ratio index is computed as:
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where:
-j = 1, 2, ..., N(number of countries), t = 1, 2, ..., T (number of years),
-m is the number of points that belong to the domain of the reference wage-profit frontier w WPF Et (r i , ⌘).
Et is the maximum rate of profit of w WPF Et (r i , ⌘). The value of the index lies between 0 and 1. The wage-profit frontier is the most e cient with respect to all possible combinations of methods that belong to E t . Clearly, for any r i , the relation w WPF Et (r i , ⌘) w j,t (r i , ⌘) always holds. For case in which the value of the index equals to 1, the respective country is dominant with respect to all the other countries. It is dominant in all the sectors, for the whole domain of the wage-profit frontier and for any profit rate. In this case, the country wage-profit curve and the wageprofit frontier would overlap, i.e. w WPF Et (r i , ⌘) = w j,t (r i , ⌘). However, a low ratio does not necessarily mean that a country is not e cient as a productive system. This is because the index WPC ratio j,Et captures the vicinity of country j wage-profit curve with respect to the wage-profit frontier (here the intertemporal wage-profit frontier, w W P F ).
The distance of a wage-profit curve to the wage-profit frontier indicates the potential capacity of that system to generate a higher purchasing power. High values of WPC ratio j,Et indicate a harmonious combination of the methods of production. On the other hand, a low values may indicate an incongruous combination of the methods of production or, alternatively, ine cient methods on the whole. The term 'harmonious' here refers to a balanced distribution of production. High values of WPC ratio j,Et index would indicate high performance for all the industries. But as we pointed out earlier, a low level of the WPC ratio j,Et may be associated with either low performance in all sectors or low performance in only a few sectors. The totally non-harmonious case is the one relative to a non viable system. Japan provides an interesting case that merits discussion at this point. For the period going from 1995-2004, Japan has relative low levels of the WPC ratio j,Et index, see table 2 and for the period 2005-2009, Japan has value zero because the combination of methods is not viable. This phenomena can be explained by the fact that Japan, for the methods used during [2005] [2006] [2007] [2008] [2009] , is bound to be dependent on imports 9 . But we will see shortly that Japan generally has a very high value of the total Net National Productivity (measured with yearly production prices) because some of the sectors in Japan happen to be very advanced.
The index is useful when we attempt compare di↵erent wage-profit frontiers computed using a subset of the methods that go in to the construction of the global inter-temporal wage-profit frontier, i.e. the benchmark, w WPF (r, ⌘). This is relevant when we calculate the value of the WPC ratio index using the yearly wage-profit frontiers, w
, and the benchmark inter-temporal wage-profit frontier, w WPF (r, ⌘).As we have pointed out from Figure 3 we can see that the yearly wage-profit frontiers move towards the North-East corner, which indicates technological growth for the period going from 2002 to [2007] [2008] . By computing the value of the WPC ratio , we can provide a numerical measure to this pattern. Figure 4 shows the value of the WPC ratio .
The Sectoral Technological Progress Index (ST P-index )
We noted earlier that each wage-profit frontier w W P F E (r, ⌘) is piecemeal function formed by a total of v wage-profit curves, where there is a specific set of methods associated with each interval. We know from Bharadwaj (1970) ) that the intervals forming the wage-profit frontier and hence the switch points (eq.14) are invariant with respect to the chosen numéraire. This also implies that the combinations at the frontier, given by Z WPF E (eq.15), are invariant with respect to the numéraire. Thus the information embedded in the entries of Z WPF E identify the most e cient production methods, i.e., those that contribute to the formation of the wage-profit frontier. A country that "adopts" these methods would be highly e cient and advanced in terms of its produc- , and inter-temporal wage-profit frontier, w WPF . . tion. Its wage-profit curves would be contributing to the formation of the wage-profit frontier (for example one of the curves as in fig. 1 ). But looking at Figure 2 or the low values reported in Table 2 (WPC ratio ) indicates that the individual countries are far from adopting the set of methods associated with the wage-profit frontier.
We construct a numéraire-free index of performance which does not depend on prices, but exclusively on the contributions to the wage-profit frontier. We believe that this would be a robust measure of technological progress. We call this index Sectoral Technological Progress, ST P index, when we consider the technological progress at the industry level and at the index at the national level is called Technological Progress, T P index.
The methods of production contributing to the formation of the wageprofit frontier are first weighted according to their contribution. A method that would contribute to the formation of the wage-profit frontier for the entire domain (i.e., all intervals), r 2 [0, R WPF Et ] it is given a value 1. But if it contributes only for some intervals and not for others, it would be weighted according to the length of the intervals for which it contributes. This is done for all the methods associated with production in each industry. As an example let us take the wage-profit frontier for 2009, w ] (see eq. 14), is normalized to one. The weight of the contribution to the methods will be proportional to the length of the interval for which these methods belong to the e cient combination, i.e. the triple (A z , L z , B z ). In short, if a given method z i belongs to all the set of methods contributing to the formation of w WPF E 2009 (r, ⌘), it will be associated with value 1. Else it will be given a value proportional to the intervals in which it contributes. All the other methods in that never contribute to w WPF E 2009 (r, ⌘) are given value 0.
If the methods belonging to the frontier are implemented by some country, it will be considered as being economically e cient in its production and also indicates technological progress. However, this leadership may not be exclusive for a good i and a country might be a leader only for some intervals and not for others. Hence, the leadership position may have to be shared with other countries which also contribute to other intervals of the frontier. Furthermore, there may be methods that not enter the frontier which might be almost as good as the winning methods.
In order to account for those methods that are not the "most e cient", but are "almost as e cient", we use a scheme in which the methods used for the production of good i can be ordered as being first, second, third, ... and last (N th ). For a given interval and a given good i, a method is ranked as first if it belongs to the frontier combination of methods. We remove this winning method from the original set of methods and recompute the new wage-profit frontier. The method that would substitute the winning method and emerge on the top would be ranked second. We remove the second method and repeat the process to determine the third by computing a new (sub-e cient) wage-profit frontier. And so on.
For each country j, we can summarize this information in terms of a matrix V ( 1 7 ) where: j = 1, 2, . . . , N are the countries; i = 1, 2, . . . , n are the sectors or industry and q = 1, 2, . . . , N is the relative position 10 . The value v j iq is the weighted contribution that country j's method i to the formation of the wage-profit frontier, once the superior methods q 1 of all the countries have been removed form the total set of methods in E t . When the method of country j to produce good i does not enter in the q th position, s j iq would be 0. This could mean either that the method of production for good i of country j has already been removed because it was superior or it is yet to be competitive. In the former case, there are some values v indicates that for the q th position, the production method of good i of country j is entering in all the intervals forming the wage-profit frontier to be associated with position q.
The Country Sectoral Contribution of Innovation, matrix V j Et , is important because it provides a robust assessment of technological progress of a country with respect to a particular sector or industry i. But it also provides information regarding the state of technological progress of national system as a whole. An advanced country would have positive values for most of the first columns, while the others would be populated by 0 values. The converse would apply for a least developed country. Furthermore an "unbalanced" country would have values scattered across sectors.
In this case, it is clear that a weighted sum by columns of the values of
Et could provide an additional information. The first values (first columns) ought to have the highest weight and decreases as the membership goes down. There are many possible weighting functions that one can make use of. We have chosen a weighting function with decreasing linear weights ! = [1, 1 1/N, 1 2/N, . . . , 1 (N 1)/N ] 0 . The resulting value provides a measurement of sectoral technological progress, ST P Et for country j: (18) Value 1 means that country j has undisputed or unambiguous technological progress, for the production of commodity i, i.e. Methods of country j contribute to the whole domain of the wage-profit frontier. Lower values indicate relative backwardness, -i.e. that the method of country j would be relevant only in the absence of those methods with higher values. Value 1/N is the lowest because it means total backwardness 11 , i.e. it is a method that is always inferior relative to the other (N 1) methods. Table 3 reports the sectoral leadership, i.e., countries obtaining first positions (winners) for different sectors. This information helps us to assess technological dominance and temporal changes. For reasons of space, we are not presenting the data on the values and the countries occupying the 2 nd , 3 rd , . . . , N th positions.
The Regional or National Technological Progress Index (T P-index )
In our view this is the most synthetic measure of national technological progress. Given the framework that we have adopted in this paper, we consider an economic system to be advanced when its methods of productioni.e. the methods actually realized and observed in the real economies -contribute to the formation of the wage-profit frontier. We aggregate the sectoral performance values computed in the previous section, the values T P Et for Table 4 : T P-index -Country ranks by technological progress 22 country j, to generate a comprehensive measure of national performance.
It is easy to see that if all the methods employed in a region or country are superior with respect to alternative methods, the highest attainable value would be equal to the number of commodities, i.e. n. But this would a rare case in reality. It is most likely that a country is superior or a leader in some sectors and not in others. The T P j Et is a measure the technological progress of a system considered as a whole. Table 4 reports T P Table 4 ). The highest level is 1, which is relative to the case in which one country would the highest technological progress for all the sectors
Interpreting the results
We have a vast amount of information that was generated due to availability of the FVZ-algorithm. Given the limited space and scope of this article, we will focus only on a few important results. An observation that readily noticeable is the distance between the individual countries wage-profit curves and the wage-profit frontiers. The values of the WPC ratio reported in 2 are all very far from 1, i.e. values which indicates high distance to the wageprofit frontier. This is interesting because it may indicates that there is an ample room for improving production either thorough specialization or by adopting di↵erent production methods. The gap between individual country wage-profit curves and the wage-profit frontier is also evident from 2. This indicates the potential that is available for growth. From figures 3 and 4 we can see that during the period 1995-2002, our indexes indicate that there has been no significant technological progress: the yearly wage-profit frontiers overlap. During the period going from 2003 to 2008 we have had a substantial increase in technological progress: the wage-profit frontiers have moved upwards.
Labour productivity growth reported in Fig. 5 confirms the pattern of evolution captured by the movement of the wage-profit frontiers. The overall development is highly correlated, but the contribution of the di↵erent countries vary. For example, the countries with the highest labour productivities in 2009 are somewhat di↵erent form those which are ranked first in technological progress, or those with the highest wage-profit curves. From the above observations we can infer that during 2002-2008 there has been an increase in productivity and in technological innovation on the average. During this period, we also observe a convergence in the values determining the relative degrees of innovation. From Figure 6 , we see that the leadership values converge over time, which indicates that as of 2009, several countries play important roles in determining technological progress. The situation seems to remarkably di↵erent compared to the turn of the century, around 2000, where Japan and USA exhibited a high and practically undisputed level of technological progress. This unilateral tendency seems to have decreased over time.
When comparing the rankings given by the two major indexes ( WPC ratioindex, and the T P index), we observe some interesting di↵erences. At first glance, this diversity in performance may be surprising because a country which is considered to be technologically advanced according to one indicator should also turn out to be advanced when other indicators are considered. This is roughly true for most countries, though not for all. Each index captures di↵erent features of the national technological progress and hence it is to be expected that rankings and positions will vary. There are five countries (Denmark, France and Sweden, Netherlands and United States of America) that are always among the top 10 performers across both indexes for the entire time period. The noticeable exclusion from this group are Germany and Japan. in particular Japan has very low values of the wage-profit curve ratio index. It is important to stress that values are all in terms of the purchasing power of a common numéraire, ⌘. Therefore, a higher wage-profit curve means a higher possible remuneration for the workers of that country. The wage-profit curve associated to a country does assess the "autarkic" capacity of that specific country in production and generating surplus i.e. the potential capacity of being self-sustained.
Our indexes indicate (see Table 2 on WPC ratio ) that Japan has very low scores, going from being around position 16 (1995 to 2005) to be last, position 30, from 2005 to to 2009 and with value zero 12 . When we look at the technological progress index (T P index), see Table 4 , we observe that Japan emerges as a leading performer. This is due to the fact that some sectors are very advanced and more than compensate the relative backwardness of other sectors.
Concluding Remarks
The main contribution of this paper to the literature on technological progress is the discovery and construction of the FVZ-algorithm, see Section A. This computationally e cient algorithm allows us to construct the e cient wageprofit frontier w WPF E (r, ⌘) (eq. 13) and to determine the production possibility frontier, ⌦ z (eq. 6) 13 . We argue that the global wage-profit frontier is the robust benchmark against which we can measure the performance of the individual countries.
Identifying the set of methods associated with the frontier, Z WPF E , (15), is important because it allows for an empirical assessment of the actual historical performances of the di↵erent countries. Further, we have been able to measure the technological progress at the sectoral level, ST P index (Table  3 ) , and subsequently, based on this information, we measure technological progress at the country level, T P index (Table 4) . We provide a measurement of the historical state of a country through an index that captures the distance between the country wage-profit curve and the global wage-profit frontier, WPC ratio , (Table 2 ).
This study can be extended in various directions. It is worth comparing these results to the more conventional, alternative measures of technical eciency across countries using Data Envelopment Method or other parametric methods. Another important direction would be to compare the productivities of di↵erent sectors by extracting information about the auxiliary prices associated with it. An important feature of our method is that the prices are all measured in terms of a common numéraire, viz., agricultural sector. This means that it is possible to compare the production prices of one local system with another. This information could provide a solid foundation for international comparison of values and for the determination of real exchange rates. Research along this direction may shed a new light on productivities and e ciency comparisons 14 . A related issue that deserves more attention concerns the di↵erences that exist between actual market prices and the virtual or auxiliary prices. As we have pointed out in Section 1, the assumption of a uniform rate of profit, although very standard, is only a convenient assumption that allows us to work with a simple two dimensional space -instead of a n-dimensional space. This could be generalized to include a cloud of profit rates. Furthermore, the knowledge of the set of methods, the matrix, Z WPF E (15), simplifies the task of computing the world Production Possibility Frontier, ⌦ z (eq. 6). An interesting further line of research would be to compute the potential gains from trade as outlined by Samuelson (2001 Samuelson ( , 2004 using the results of this paper.
A Computing the wage-profit frontier
The computation of the wage-profit frontier is a non-trivial exercise. There is a brute force algorithm which allows us to precisely compute the w WPF E (r, ⌘). But the implementation of this algorithm (see below) becomes computationally intractable as the cardinality of the set of methods increases. However, we have been able to devise a tractable algorithm that allows for a drastic reduction in the computational e↵ort. For instance, given the cardinality of the data set that we use in this paper, the computation of w WPF using a desktop computer that employs the brute force algorithm would take several decades. In comparison, our algorithm enables us to perform the computation in a few hours.
Precisely identifying the collection of methods contributing to the frontier is the crucial aspect that di↵erentiates our approach in determining the benchmark commodity or the reference technology. The new algorithm allows us to provide a robust measure of productivity and it enables us to develop three new indexes of performance, which will be described in the subsequent sections.
A.1 The brute-force algorithm
The wage-profit frontier for a given set of methods can be derived by computing the wage-profit curves relative to each combinations of methods.
1. input data, i.e. individual input-output tables and organize them into a multiple dimension array, (see equation 2) 2. enumerate all possible combinations of methods E = z j with j = 1, ..., s with s = Q n i=1 s i . 3. compute the wage-profit curve, w z j , eq. 11 sequentially for j = 1 to s and retain the value for wages w that dominate the previously computed wage-profit curves. If E {j} is the set of combinations z enumerated from 1 to j, the following recursive computation is made until j = s. (r, ⌘), w z j (r, ⌘)
However, we can observe that the combinatorial and computational complexity associated with the implementation of this algorithm is very high. In the database that we use, there are 31 sectors and 30 countries. This means that in order to determine the yearly wage-profit frontier we need to compute 31 30 ⇡ 5.5 ⇤ 10 44 wage-profit curves. There are 15 years of observations, hence the computation of the intertemporal wage-profit frontier would be in the order of (31 30 ) 15 ⇡ (1.29 ⇤ 10 41 )
15 10 671 . This shows that such computation is practically impossible in the sense that a brute-forced algorithm would not compute the wage-profit frontier and won't halt within any reasonable time frame.
A.2 The FVZ-algorithm
The computational complexity, however, can be drastically reduced if we employ the new algorithm that we have constructed. We call this algorithm the FVZ-algorithm 15 . Bharadwaj (1970) has shown that:
i) "At a switch point the adjacent production system di↵ers in the method of production for only one of the commodities common to them (Bharadwaj (1970) (eq. 15). Using the above FVZ-algorithm, we have been able to compute the intertemporal wage-profit frontier, for 30 countries, 15 years and 31 sectors, in a couple of days. The same exercise using the brute force algorithm of the previous section would have taken several decades.
